NEW MONOTONICITY FORMULAE FOR SEMI-LINEAR 
ELLIPTIC AND PARABOLIC SYSTEMS 

LI MA, XIANFA SONG, AND LIN ZHAO 

Abstract. In this paper, we establish a general monotonicity formula 
of the following elliptic system 

Aiti + fi{ui, ...,u m ) = in fi, 

where fi CC R n is a bounded domain, (/i(ui, U m )) = VF(tt), and 
F{u) is a given smooth function of u — (ui , u m ) , m,n are two positive 
integers. We also set up a new monotonicity formula for the following 
parabolic system 

d t Ui - Am - fi(ui, Um.) =0 in {ti,t 2 ) x R n , 

where t\ < t 2 are two constants, (fi(u)) is given as above. Our new 
monotonicity formulae are focused on more attention to the monotonic- 
ity of non-linear terms. Our point of view is that we introduce an index 
called (3 to measure the monotonicity of the non-linear terms in the 
problems. The index in the study of monotonicity formulae is very use- 
ful in understanding the behavior of blow up sequences of solutions. 
Corresponding monotonicity results for free boundary problems are also 
presented. 



1. INTRODUCTION 

In this paper, we will establish a general monotonicity formula of the 
following elliptic system 

(1.1) Aui + fi(ui, ...,u m ) = in n, 

where Q CC MJ 1 is a bounded domain, (fi(ux, u m )) = VF(u), and 
F(u) is a given smooth function of u = (ui, ...,u m ), m,n are two pos- 
itive integers. Here we assume that the solution u G Hl oc {VL) satisfies 
(jl.lj) in the variational sense to be defined in section two. We remark 
that smooth solutions to (jl.lj) satisfy (jl.lj) in the variational sense. We 
will also establish a monotonicity formula for regular solutions of the 
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following parabolic system 



(1.2) 



d t Ui - Aui - f^m, ...,u m ) = in (t u t 2 ) x R n , 



where t\ < t 2 are two constants, (fi(u)) is given as above. We also 
consider corresponding results for free boundary problems. The new 
point in our monotonicity formula is that we introduce an index (3, 
which measures the monotonicity of the non-linear term f\. This index 
(3 also gives us the rate of scaled sequence of the blow-up process for 
implied solutions. Our main results are Theorem 2.1, Theorem 2.2, 
Theorem 3.1, and Theorem 3.3 below. As a corollary, we can also give 
a monotonicity formula for Ginzburg-Landau model (see our Assertion 
2.1 below). Here we give a brief introduction to our results. 

Before we state the monotonicity formulae, we introduce some nota- 
tions and concepts. We will use some notations of in convenience, 
and denote by x ■ y the Euclidean inner product in M. n x M. n , by \x\ the 
Euclidean norm in M n , by B r (xo) '■= {x G — xq\ < r} the ball of 

center xo and radius r, by Q r (xo,to) := (to — r 2 ,to + r 2 ) x B r (xo) the 
cylinder of radius r and height 2r 2 , by T~(t ) := (t — 4r 2 , t — r 2 ) x M n 
the horizontal layer from t — 4r 2 to t — r<2 , by T r + (t ) := (to + r2 > + 
4r 2 ) x M. n the horizontal layer from t + r<2 to to + 4r 2 , and by 



the backward heat kernel, defined in ((— oo, t ) U (to, +oo)) x M n . Some- 
times, we denote by T~ := (T - 4r 2 ,T - r 2 ) x R n and T+ := (T + 
r 2 ,T + 4r 2 ) x M. n for t = T. Furthermore, by v we will always refer 
to the outer unit normal on a given surface. We denote by 7i s the 
s-dimensional Hausdorff measure, and Hl oc (Q) and H 1 (Qt) the usual 
Sobolev space and parabolic Sobolev spaces respectively as defined in 



Roughly speaking, our new monotonicity formula for ()1.1|) is as fol- 
lows. We will show that for the variational solution u to (jl.lj) . the 
function 
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and for (|1.2jl the functions 



*"(r) = r" 2/3 
and 



^_(|Vn| 2 - 2F(u))G {T , X0) - ^ jf _ j±-fG {T , X0) 



^ + {r) = r- 2/3 / + (|W| 2 - 2F(u))G {TiXo) - ^ j j^-Z 2 G (T , xo) 

O Ty ** Tip 

are increasing in r for j3 such that 

(1.4) [[2(i3 - l)F(u) - (3uf(u)}G {T , Xo) > 
and 

(1.5) ! [2(13 - l)F(u) - i3uf(u)]G {T>Xo) > 0, 
where / = 

We remark that conditions f)1.3|)f)1.4[)()1.5j) are automatically true if 
2(/3 - l)F(w) - /?m/(m) > 0, for u G R n . 

We will give more illustration by examples in section 2 and section 
4. From the expression above, it is clear that the number (3 measures 
the monotonicity of the non-linear term, and our new monotonicity 
formulae are focused on more attention to the monotonicity of non- 
linear terms. We emphasize that the boundary term in the elliptic case 
is important, and in some special cases, it was noticed by Weiss (see 
|2Sj, [231 and [2H]) who called it "boundary-adjusted energy". This 
term is nature in measuring the flux transportation through boundary. 
Our method can also be used to study elliptic /parabolic systems with 
variable coefficients. For example, one may extend the monotonicity 
results above to elliptic systems and parabolic systems with variable 
coefficients. 

As corollaries of our results to systems (jl.lj) and (jl.2j) . we subse- 
quently establish the monotonicity formulae for the following general 
elliptic equation 

(1.6) Aw + /(«) = infi, 

where Q CC M n is a bounded domain, and the parabolic equation 

(1.7) d t u - Au = f(u), in (t u t 2 ) x K n , 

where t±,t2 are two constants, f{u) is a given function of u. The results 
will be stated in detail in section four. 

As we said, our present work is closely related to the monotonicity 
formula of Weiss [2H1 , [231 , an d j2H| and the monotonicity formula 
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of Alt, Caffarelli and Friedman [2.. However, we will not only obtain 
the monotonicity formulae for more general models of single equation, 
but also establish the monotonicity formulae for some types of elliptic 
and parabolic systems, and the results are completely new. Moreover, 
we can choose different ft such that the monotonicity formula holds 
even in the same model of Weiss' papers ( [21] , [213 , [2H] ) • For example, 
if f(u) = u p with — 1 < p < 1, we can choose any ft > 2/(1 — p); while 
for p < — 1 or p > 1, we can choose any ft < 2/(1 — p). And we can 
construct different types of the scaled sequences through the choosing 
of ft. For example, denoting the sequences Uk{x) := p^u{x + ptx) for 
ft < 0, we find that they are different from the blow up sequences for 
ft>0. 

We now further compare our result with those of Weiss and give a 
brief review about monotonicity formulae related. In [23] , [21] , [2H] and 
[2o] . Weiss introduced the "boundary-adjusted energy", and obtained 
some new monotonicity formulae. In [2-1 . Weiss studied the critical 
points with respect to the energy 

w -> F(w) = / (|Vw| 2 + \+X{w>o}W p + \-X{w<o}(-w) p ) 
Jn 

with p G [0,2) and found that: Assume that a is a solution and 
Bg(xo) C Q. Then, in term of our results, for ft := 2~ an d for any 
< p < a < S the function 

$( r ) : = r -n-2/3+2 f ()v?i |2 + X+X{u>0} u p + X^ X{u<0} (-uY) 

J B r (x ) 

- ftr~ n - 2(3+1 [ u 2 dH n ~ l 
defined in (0,5), satisfies the monotonicity formula 
$(a) - $(p) = / r - n ~ 2f3+2 [ 2(Vm • v - ft-) 2 dH n - l dr > 0. 

Jp JdB r (x ) r 

In j2H]5 the monotonicity formula for An = X{u>o} has the same form 
of $(r) with p — 1. 

In j2E], Weiss studied the gradient flow in L 2 (M n ) with respect to the 
energy 

w F(w) = / (\Vw\ 2 + \ + X{ w>0 }W p + \^X{w<o}(-w) p ) 

with p G [0,2) and found that: Assume that t\ < T < £2, ^0 G ^ n 
and m is a solution with some conditions. Then, again in terms of our 
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results, for j3 := an d f° r an Y < p < a < 5 the function 
*"( r ) := r - 2/3 I (| V«| 2 + X +X {u>o}U p + \-X{u<o}(-u) p )G (T , Xo) 

J Tr (T) 

z JT-{T) 

and 

*+(r) := r~ 2/3 / (|Vu| 2 + A +X{u >o}« p + A_ X {«<o}(-«) p )G (T , a;o) 
Jr+(T) 

z Jt+(t) 1 ~ 1 

are well defined in the interval (0, ^ T ~ fl ) and (0, N/t2 2 ~ T ), respectively, 

and satisfy for any < p < cr < %/T ~ tl and < p < a < Vt2 ~ J ' , 
respectively, the monotonicity formulae 

r" 2 ^ 1 / — ^t( Vm • (x - x ) - 2(T - - (3u) 2 G(t, xo) 
Jt~(t) 1 — 1 

> 
and 

= ^ r- 2 ?- 1 [ ■ {x - x ) - 2(T - - M 2 G (T , Xo) 

Jp Jt+(t) 1 — 1 



> 0. 



In j2], Alt, Caffarelli and Friedman established a monotonicity for- 
mula for variational problems with two phases and their free bound- 
aries. The monotonicity formula of Alt-Caffarelli -Friedman plays an 
important role as a fundamental and powerful tool in free boundary 
problems. Roughly speaking, they found that 
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is increasing in r(0 < r < R) for the sub-solutions h%,h2 of Am = 
in B(xq, R)(R > 0) with h\h 2 = and hi(xo) = ^2(^0) = 0. We can 
also see In Caffarelli, Jerison and Kenig found that there is a 



6 



LI MA, XIANFA SONG, AND LIN ZHAO 



dimensional constant C such that 

with < r < 1 for Au± > — 1 in the sense of distributions, and 
u + {X)u^{X) = for all X G B 1 . 

Various monotonicity formulae have catched many authors' atten- 
tions in the past several years. Let's us briefly review some progress 
in them. The well-known monotonicity formula for minimal hyper- 
surfaces in j2D] 

d_ ( H n (MnB r ) \ = d_ f [aHf dnn 
dr\ r n ) dr J MnBr \x\ n+2 

is a local statement in balls B r C M n+1 , which plays a very impor- 
tant role in analyzing singularity set. There are many references about 
the topic. Fleming obtained the monotonicity formula for area min- 
imizing currents in [TT] . Allard proved the monotonicity formula for 
stationary rectifiable n-varifolds in pQ. Schoen and Uhlenbeck estab- 
lished the monotonicity formula for harmonic maps in |22j- Price 
proved the monotonicity for weakly stationary harmonic maps and 
Yang-Mills equations in ^H]- Giga and Kohn obtained in ^2] the 
monotonicity formula for the solutions of semi-linear heat equations 
d t u — Au — \u\ p ~ 1 u = with blow-up analysis, where p > 1, and Pac- 
ard established its localization for weakly stationary solutions of the 
corresponding elliptic equation in |17j . M.Struwe derived the mono- 
tonicity formula involving the associated energy densities for the equa- 
tion d t u — Au G T^-N in [21]. Riviere , F.H.Lin and Riviere [To] . 
Bourgain, Brezis, and Mironescu j3j set up some monotonicity formu- 
lae for Ginzburg-Landau model. The famous monotonicity formula for 
mean curvature flow, which was found by G.Huisken ^3], says that 

— / Gdfit = - [ \H - ^—\ 2 Gdu t , 
at J Mt J Mt It 

which involves the backward heat kernel function G(x, t) = ^_ 4 ^ n /2 e ~ 

for t < and x G M n+fc . Monotonicity formulae for geometric evolution 
equations on more general domains were also derived by Hamilton in 
[Llj . In [Oj and ^H], the local monotonicity formula had been given by 
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Ecker in the "heat-ball" 



E? = {(x,t)eR n xR,t<0,<^>-^} = |J B mt) x{t}, 
where 

1 iii 2 / —Ant 

$ 7 0M) = ^re^, Rr(t) = J2(n- 7 )log(— ). 

It can be written as follows: 

d 1 /" ra — 7 / / N /5 2n x n ^<9u t x ^ t (3 



P 2, 

2t ' 


X 


~ 2t 


( du 


X 

+ 2t 


Vdt 



dr l R"-~<J E? -2t 2t ' 2t y dt 2t t 

n - 7 f f du x . /5 \ 2 , , . 

Du H — u axat, 



r „_ 7+ l y Q t 2t t 

where u is a solution of u t — Au — \u\ p ~ x u = 0, x G R n ,t < with 
p > 1. 

The monotonicity formula also appears in the parabolic potential 
theory [H]. For a function v and any t > 0, define 

I(t;v) = [ [ \Vv(s,x)\ 2 G(-s,x)dxds. 



$(t) = $(t; /n, /i 2 ) := -/(t; /i x ) J(t; /i 2 ) 



In 0], Caffarelli found that 

1 

I 2 

is monotone nondecreasing in t(0 < t < 1) for nonnegative subcaloric 
functions /ii,/i 2 in the strip [-1,0] x R n , /ii(0,0) = h 2 (0,0) = and 
/ii • hi = with a polynomial growth at infinity. Its localization can be 
stated as follows: There exists a constant C = C(n,ip) > such that 

®(t; Wl ,Wi) < £|MI^(q-)INIl 2 (q-) 

for any < t < 1/2, here if>(x) > be a C°° cut-off function with 
supp?/> C -B3/4 and iP\b 1/2 = 1 anc ^ w i = ^i^i see 0- m 0' this formula 
was generalized for parabolic equations with variable coefficients, and 
was written as 

-/ / \V(u 1 ip)\ 2 G(x,-s)dxds- - ! [ \V(u 2 tP)\ 2 G{x,-s)dxds 

t J-t JR n t J-t Jmp 

< C (hl\\l*(Q 2 ) + h2\\l*(Q 2 )) ■ 

The remaining part of the paper is organized as follows. In section 
2 we establish the monotonicity formula for (jl.lj) and characterize the 
scaled sequences. In section 3 we establish the monotonicity formula 
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for (jl.2j) and characterize the scaled sequences. In section 4 we state 
the monotonicity formulae for and (jl.7j) and give some examples. 

2. THE MONOTONICITY FORMULA OF AN ELLIPTIC SYSTEM 

Consider the elliptic system 

(2.1) Aui + fi(u t , u m ) = 0, i = 1, ...,m, infl, 

where Q CC MJ 1 and (fi) is the gradient of a given smooth function 
F(m, ...,u m ). 

In order to define the variational solution of (|2.1j) . we need to give 
some notations. We denote by for = (</> x , <p n ) G na "'- T; "' ■ 



8x4)1 ... d n <p] 
d X (j) n ... <9 n r 



and by Vw-i = (Vui-x, V« m -i), and by (Vm-z/) 2 = X^i^"^'^) 2 ) 
by mVm • v = *Y^i=i u i^ u i ' v f° r an y vector u, and by VuD(pVu = 
YT^VuiDcjNui. We say u G C°(Q) n C 2 (Q) if every u { G n 
C 2 (f2). We say u G H} oc (VL) if every w, G H} oc (VL), i = 1, m. 

Definition 1. We call u G Hl oc (Q) is a solution of \2. 1)) in the sense 
of variations, or simply a variational solution, if u G Hl oc (Q) satisfies 
\2. 1\) in the distributional sense with 

UtMu), F(u)eLj oc (n) 

fori = 1, m, and the first variation with respect to domain variations 
of the functional 

G{v) := [ {\Vv\ 2 -2F{v)) 
vanishes at v = u, i.e. 

= ^-G{u{x + e<f>{x)))\ e=0 = I [(| W| 2 - 2F(u))div<p - 2WD0W] 



n 



de 

for any<pe C£(fi;R n ). 

Theorem 2.1. Assume that u is a solution of \2.1\) in the sense of 
variations in the ball Bs(x ) CC Q. Then for any (3 G K such that 

(2(/3 - l)F(u) - (3uf(u)) > for < r < 5 

B r (xq) 



the function 



<$> xo ( r ) : = r -n-2p+2 f (\Vu\ 2 -2F(u))-Pr~ n - 2(3+l j u 2 dH n - 1 

J B r (xq ) J dB r (xq) 
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defined in (0,5), satisfies the monotonicity formula 



9 



(2.2) 

-*-o(p)= [ a 2r- n -^ +1 I (2({3-l)F(u)-(3uf(u)) 



+ f 2r -^ 2/3+2 / ( W • i/ - (3-fdH n - l dr > 

JdB r (x ) r 

for all < p < o < 5 , where 



Proof. We may assume that Xq = by a translation. We take after 
approximation <j) e (x) := r] e (x)x as test function in Definition 1 for small 
positive e and rj £ (x) := max(0, min(l, ^j^)), and obtain that 

= j [n{\Vu\ 2 - 2F{u))r} £ - 2\\7u\\} 

+ J (|W| 2 - 2F(u))Vri £ ■ x - 2Vu- xVu-Vri £ ) 
-> / [n(\Vu\ 2 - 2F(u)) - 2|W| 2 ] 

JB r (0) 

(2.3) - / [r{\Vu\ 2 -2F{u))-2r{Vu-vf]dH n - 1 

J d B r IO) 



for a.e. r e (0, 5) as £ — > 0. 

Using mollifier it^ to (|2.1j) for every (z = 1, ...,m), where p > 0, 
we have 

-Au itP = (fi(ux, ...,u m )) p . 

Multiplying this equation by Ui and integrating over B r (0), then send- 
ing p — > 0+ , we can easily derive the formula 



(2.4) / |W| 2 = / vS7u-vdH n - l + / 
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for a.e. r e (0,5). Next, multiplying (|2.3j) by _ r -™- 2 / 3 + 1 anc l using 
(|2.4j) . we obtain that 

= - r -n-20+i f [ n (| W | 2 - 2F(u)) - 2|W| 2 ] 

JB r (0) 

+ r -"- 2/3+2 / [(|W| 2 - 2F(«)) - 2(W ■ i/) 2 ]dft n_1 



= (-71 - 2/3 + 2)r-"- 2/3+1 / (| W| 2 - 2F(u)) 
- 2(2(3 - 2) r -"- 2/3+1 / F(u) 

J B r (0) 

+ 2/?r-"- 2/3+1 ( / uVu-vdH n ~ l + / u/(u)) 

JdB r {0) JB r {0) 

+ r -"- 2/3+2 / (| W| 2 - 2F(u))dH n - 1 

_ 2r -n-2f3+2 f (yU-v) 2 dH n - 1 . 
JdB r (0) 

Then we get that 

(-n -2(3 + 2)r- n - 2l3+l [ (| W| 2 - 2F(u)) 

JB r (0) 

+ r" n - 2/3+2 f (| W| 2 - 2F(u))dH n - 1 

JdBJO) 



-d( (3r- n - 2 ? +1 [ u 2 dH n - l \ 
or \ J dBr (o) J 

2r~ n - 2 ^ 2 [ (Vu-u- (3-) 2 dH n - 1 

+ 2r" n ~ 2/3+1 I (2(J3 - l)F(u) - (3uf(u)) 



i.e., 



(2.5) ($ S0 (r))' = 2r" n " 2/3+2 / (W • i/ - p>-) 2 dU n - x 

+ 2r-"- 2/3+1 / (2(P - l)F(u) - (3uf(u)) > 

for a.e. r e (0,5). Integrating (|2.5|) from p to a, we can obtain (|2.2|) 
and establish the monotonicity formula in the theorem. □ 
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Now we give some examples to illustrate Theorem 12.11 
Example 1. Considering the following elliptic system (LES): 

j Au + v = in O, 
I Av + u = in Q. 

Then in this case, we know that uf\(u,v) = vf2{u,v) = uv and 
F(u, v) = uv + c, where c is a real number. Assume that uv G 
^(Bs^xq)). Then for any (3 such that 

(2.6) j [{(3 - l)c - w] > 0, 

we can get that 

$ xo (r) = r - n - 2p+2 [ (\Vu\ 2 + \Vv\ 2 - 2(uv + c)) 

_ Pr -n-2 P+ l j (u 2 +V 2 )<m n - 1 

Jd Brixo) 

is non- decreasing in < r < 5. In fact, we have that 

($ x . (r))' = 2r" n - 2/3+2 [ [(Vu ■ u - (3-f + (Vv ■ v - (3-) 2 \dU n - x 

JdBrixo) T r 

+ 4r" n - 2/3+1 f [(0 - l)c - H > 0. 

We often call ()2.6|) the monotonicity condition for elliptic system (LES). 
In particular, if c > 0, we can always take (3 > 1 large enough; If c < 0, 
we can take (3 < 1 with large enough; If (3 = 1 and -ut> < in 
Si (xo), then the monotonicity condition is also true. 

In particular, we restate our result when u = v. Assume that u is a 
variational solution of 

Am + u = in Q 

and Bs(xq) CC CC MJ 1 . Then for < r < <5 and real constant c, we 
can choose (3 such that 

$ xo ( r ) := r - n - 2/3+2 / (\Vu\ 2 -u 2 -2c)-f3r- n - 2 P +1 f u 2 dH n - 1 

J Brixo) J 8B r ixo) 

is increasing in r and satisfies 

<^»-$, (p) = /"V^ 1 / (2(/?-l)c-« 2 ) 

</p J Brixo) 

+ f 2r-"- 2 (' 3 - 1 ) / (V« • z/ - Z?-) 2 ^- 1 ^ > 0. 

JdBrixo) r 
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Example 2. We consider the famous Ginzburg-Landau model: 

?2\ 



Au + \u(l -u 2 ) = 0, in a 
e 2 



Set 



F{u) = ^{l-u 2 ) 2 . 



Take (3 > 1. Then 

2(/3 - l)F(u) - /3u/(u) 

= - 1) - 2(2/3 + (3/3-1)^] 

> 

provided u 2 < or u 2 > 1. Then 

^M=r^ +2 / (|V^| 2 - ^(1 -^ 2 ) 2 ) 

JB r (x ) 46 

_p r -n-2f>+l I U 2 dH n -\ 
J dB r (xo) 

We have the following result 

Assertion 2.1: Let u G Hl oc (Q) n L 4 (f2) be a variational solution of 
the Ginzburg-Landau model: 

1 



Am + ^m(1-m 2 )=0, in fi. 
Let /3 > 1. Assume that 



e 2 



->2 ^ P ^ ->2 v. -i 

u < — — - or u > 1 



3/3-1 

in the ball Bs(xq) C f2 for some 5 > 0. Then, we have for < r < 5 



that 

$ xo ( r ))' = r -™-2/3+2 /" ( w . v _ ^Lf dU n-^ 

JdB r {x ) r 

+ 2r""- 2/3+1 / i(/3 - 1) - 2(2/3 - l)u 2 + (3/3 - 1)« 4 ] 

JB r (xo) Ie 

> o. 

□ 

Example 3. Considering the elliptic system 

At; + ^ = infi, 
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where (p, q) > 0. Then, we know that 

ufi(u,v) 



u p+1 v q+1 



q+l 
and 



vf 2 (u,v) 



u p+1 v q+1 



p+ 1 

Take 

F(u, V) = 7 —, — + c, 

v ; (p+l)(?+l) 

where c is a real number to be chosen. So, 
(2.7) 



$ Xo ( r ) = r -«-2/3+2 f (| Vn |2 + | Vv |2 _ 2 

J -B r (x ) 

-(3r~n-W+i f ( u 2 + v 2 )dH n ~\ 

JdBrlxa) 



(p+i)(?+i; 



and 
(2.8) 



$ So ( r ))' = r — 2/3+2 / [(Vm . „ _ ^^2 + (Vv . y _ pVy ]dn n-l 
JdB r (0) r r 

[ f2( g -i)c- .^ + ? )+ 1 2 . w)- 



-n-2/3+1 



As in example 1, we can choose suitable c, (3 (see also Theorem 3.6 in 
( 8 ) for related stuff in parabolic case) such that 



B r (x ) 



1 J (p+l)(g + l) J' 



and $ Xo ( r ) is increasing in r. □ 
We now consider the blow-up (or blow-down) analysis for solutions 
to ()2.1jl . Let u be a function in Bs(xq). For a given point xq and a 
given sequence pk — > 0, we define the scaled sequences as follows 

ttjfc(z) := p^u(x + p k x) 

and want to obtain more information on the solution's behavior. In 
fact, we obtain the following theorem: 

Theorem 2.2. Suppose that < pk — > as — > oo, and u is a 

solution of \2.1\) in Bs(x ) as in Theorem 2.1, and that u satisfies at 
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Xq the growth estimate 

sup re(0 , 5 )(r-^ 2/m / u 2 dH n - x + r-"- 2/3+2 | f 2F(u)\) < oo. 

Then as r — > 0, $(r) converges monotone non-increasing to a limit, 
which is denoted by M(u,xo), and for any open D CC 1" and k > 
k(D), the scaled sequence u k {x) is bounded in H X (D) and any weak 
H 1 -limit with respect to a subsequence k — > oo is homogeneous of degree 
(3. 

Remark 2.1. We say that the sequence Uk{x) := p^u(xo + pkx) 
is bounded in H 1 ^) and any weak ifMimit with respect to a subse- 
quence k — > oo is homogeneous of degree @, if every Ui is bounded in 
H l (D) and any weak ifMimit with respect to a subsequence k — > oo 
is homogeneous of degree (3. 

Proof. First we can get for < R < oo that 
$ X0 ( Pk R) = R~ n ~ 2/3+2 / |W fe | 2 - (p fc i2)" n - 2/3+2 / 2F(u)) 

JB R (0) JB PkR (0) 

_ (3R -n-2p+l f u\dn n -\ 
JdB R (0) 

and we know that Uk is bounded in H l (D) for k > k(D) by the mono- 
tonicity formula and the condition of the theorem. 

By the results of Theorem 2.1, we know that $ is non-decreasing 
and bounded in (0,r ) for small and positive r , which means that $ 
has a right limit at 0, and for < R < S, 

<- & X0 (p k S) - <5> XQ (p k R) 

"PkS 



/ 2r— 2 ^ +1 / (2(0 - l)F(u) - /?*/(«)) 

</p fc ,R J B r (x ) 

+ / 5 2r-"- 2/3+2 / (V« fc • i/ - ^fdTT^dr > 0. 

ii? JdB r (0) r 



i.e. 



> 



/ 5 2r-"- 2/3+2 / (VtT fc • !/ - ^fdTT^dr 

JR JdBr(O) r 



L 



(0) 

2\x\~ n ~ w (Vu k (x) ■ x - (3u k (x)) 2 as k -> oo. 



B s (0)\Bh(0) 
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Since the lower semi-continuity of the L 2 -norm with respect to weak 
convergence, we can take a subsequence k — > oo such that u k — ^ u 
weakly in Hl oc (R n ), then we obtain that Vuq(x) ■ x — (5uq{x) = a.e. 
in R n . 

From Vmo(x) • x — /3u (x) = 0, we can easily prove that u is homo- 
geneous of degree j3. □ 

Remark 2.2. If (3 > 0, the scaled sequences are often called i/je 
blow-up sequences. However, if (3 < 0, our scaled sequences are new. 

3. THE MONOTONICITY FORMULA OF A PARABOLIC SYSTEM 

In this section, we will consider the parabolic problem: 
du ■ 

(3.1) - Aui = fi{u u ...,u m ), i = 1, ...,m, in (ti,t 2 ) X 

where ti, t 2 are two constants. 

For convenience, we need some notations (see 26\). Considering vec- 
tor functions u G ^ oc ((0, T) x R n ; R m ) and i G #/ oc ((0, T) x R n ; R™ +1 ), 
we denote by d t u := d u the time derivative, by V« := (diu, ...,d n il) 
the space gradient, by V^w := (d u,diu, ...,d n u) the time-space gra- 
dient, by div ttX ip := Y12=o^ k ^ k ^ ne time-space divergence, and by 

/ diipo ... d n ip \ 

\ dxipn ... d n ip n J 

the space Jacobian. Moreover, denote by (Vw • x + 2t<9(-u — (3u) 2 = 
E"i(V^-x + 2t^-^) 2 . 

Next, we give the definition of a variational solution of (|3.1|) . 

Definition 2. We define u <E H l ((t l ,t 2 )xB R (0)) for any R £ (0, oo) 
to 6e a variational solution of if u G H 1 ((ti,t2) x R") satisfies 
\3. 1)) in the distributional sense with 

(3.2) M ^(£), F(«)eL 1 ((t 1) t 2 )xr) 

/or z = l,...,m and i/ie vanishing of first variation at v = u with 
respect to variations of the domain in time and spaces of the following 
functional 

G(u,v):= f 2 [ (\Vv\ 2 -2F(v)) + [* [ 2vd t u, 



Jh+8 JR n Jti+S 

where (u,v) G (-f^ 1 ) 2 and v also satisfies \3. fy) . i.e. 

^G(u, u((t, x) + £tp(t, x))) \ £ =o = 0, 
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that is, 

0= ^ [ [(|VM| 2 -2F(M))div^-2V^.M^VM-2^MV 4 , a; M-^] 

Jti+S JR n 

-[[ (\Vu\ 2 -2F(u))U 2 J 

pt-2-8 i- n n n 

Jt i+ S Jmn k=0 j=l k=0 

n „ 

/ [(\Vu\ 2 -2F(u))^ }(t 2 -5) 



k=0 

+ 



[ [(\Vu\ 2 -2F(u))4j ](t 1 + 5) 

JM. n 



for a.e. small and positive 5 and any ip G C 1 (M n+1 ) such that 

supp%p(t) CCl" 

for any t G (h,t 2 ). 

We now state a monotonicity formula for variational solution of (jH.lj) . 

Theorem 3.1. (monotonicity formula) . Letu be a variational solution 
of in ((t u T) U (T,t 2 )) x R n ; where t 1 < T < t 2 . Let x G R n . 
Assume that 

f I — I ^ 

s uPt e ( tl ,T-5)u(T+5, f2 ) exp(- - )(| W| 2 - 2F(u))(t, x)dx 

+ [ I exp(- ^ X °] )((d t u) 2 + u 2 )(t, x)dxdt < oo 

J (ti,T-8)U(T+8,t 2 ) ./R™ 4 U — t) 

for any small positive 5. Then for any real (3 such that 
G {T>Xo) [2((3 - l)^(^) - PtfW] > 
and 

[ G (T;Xo) [2(/3 - l)F(tZ) - > 0, 

the functions 

*-(r):=r- 2 P [ (|W| 2 - 2F(u))G {T , xo) 
Jt~(t) 

ft -IB f 1 ->1^ 
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and 



*+(r):=r^ / (|W| 2 - 2F (u))G {T , Xo) 
Jt+(t) 

z Jt+(t) 1 ~~ 1 



are well defined in the interval (0, ^ T 2 fl ) and (0, ^| T ), respectively, 

and they satisfy for any < p < a < %/T ~* 1 and < p < <x < a/ * 2 2 ~ t ; 
respectively, the monotonicity formulae 



l)F(u) - Puf(u)]G {T , Xo) 
2(T-t)d t u-[3u) 2 G (T , xo) 



and 



l)F(u) - Puf(u)]G {T , Xo) 
2{T-t)d t u-(3u) 2 G (T ^ ) 



Proof. We will only give a proof for the monotonicity of because we 
can replace in what follows the interval (— 4r 2 , — r 2 ) by (r 2 , 4r 2 ) in order 
to obtain a proof for Without loss of generality, we can assume that 
x = and T = 0. We omit the index (0, 0) in G(o,o) and simply denote 
it by G, and denote T~(0) by T~ . Choosing t\ := — 4r 2 , t 2 :— —r 2 , 
and 4>(t,x) := (2t,x)G(t,x)r) e (x) in Definition 2 where r/ e G iJ 1 '°°(M n ) 



(3.3) 



f 2r- 21 '- 1 f [2((3- 
J P Jt-(t) 

1 



-2/3-1 



T-(T) 



T - t 



(T) 

(Vw • (x — x ) — 



> 



(3.4) 



+ 
> 0. 



(a)-^(p)= [^r- 2 ^ [ [2(0 
J P Jt+(t) 



(V-u • (x — rr ) 
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will be chosen later, we obtain that 

(3.5) 0= / [(|W| 2 -2F(u))(2G + 2td t G + dw(xG))7] e 

n n n 

— 2r\ e V] dju(Sj k G + djGx k )d k u — 2r] € djudjG2td t u 

3=1 fc=l 3=1 
n 

- 2r] e djuGxjdtil - 27] t (d t u) 2 2tG} 

— / [2%(|W| 2 -2F(u))G](-r 2 ) 
+ / [2%(|W| 2 -2F(«))G](-4r 2 ) 
+ / [{\Vu\ 2 -2F{u))Vr le -xG 

n n n 

— 2 22 djudjr] t XkdkuG — 2 \J djudjr) £ 2td t uG] 

3=1 fc=l 3=1 



for a.e. r e (0, 

Multiplying (|3.5jl by — r^ 2 ^" 1 and choosing ^ e (x) := min(l, max(0, 2- 
e|x|)) for small e > 0, we get that 



= r 



2^ e G(|W| 2 - 2F(£))][l^ 

- 2 / 3r~ 2/3 ~ 1 / 7? £ G(W| 2 - 2F(u)) 

+ 2(3r- 2 ^ 1 ( r] t G\Vu\ 2 - 4(J3 - l)^' 1 [ VeGF(u) 
Jt~ Jt~ 

+ r -W-i f ^(Vtt.xf + r- 2 ^ 1 f Ar] e GVu-xd t u 

+ r- 2 ?- 1 I [A7] t Gt(d t u) 2 - (|W| 2 - 2F{u))VT] e ■ xG] 

+ r- 213 - 1 I 2[GVu ■ Vr/ £ Vu ■ x + V« ■ Vr) e 2td t uG], 
Jt~ 

where we use the fact that VG = ^ and d t G + AG = in {t < 
0}U{t>0}. 
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As in the proof of 1)2 .4|) . we obtain that 



(3.6) / \Vu\ 2 Gr] t = - I [ur) e Vu ■ VG + r] e Gu(d t u - f(u)) 

+ uGVr] e ■ W]. 

Using (jHIEJ), we can get that 



i-r 2 ) 
(_ 4r 2) 



= r- 2 ^ [ 2tr],G(\Vu\ 2 - 2F(u))} 

JR n 

- 2(3r- 2(3 - 1 j V eG(Vu\ 2 - 2F(u)) 
+ 2f5r^- 1 ^ [ Ve Gu(f(u) - d t u) - ^ V? 

- 2(3r~ 2/3 - 1 [ uGVrie • W - 4(/5 - l)^- 1 [ r] £ GF(u) 

-2/3-1 f \ r h^_(X7 n -t. r1 .^r ) +Fl.n-f\^-(\\7n-r\^ 



u ■ XI 



+ r -^-i / [_*_(ytf. x + 2td t uy - (|W| 2 -2F{u))Vr) € - x 
+ r- 2 ^ 1 / 2[GVu ■ Vrj e Vu -x + Vu- Vrj e 2td t uG} 

JT~ 



i.e. 



(3.7) = r- 2/3 - 1 [/ 2tr] e G(\Vu\ 2 -2F(u))] ( - r2) 



(_ 4r 2) 

- 2(3r- 2 ^ 1 j r] € G(Vu\ 2 - 2F(u)) 

J T r 

+ r -2 -i T ^( W . x + 2tc> t M-/H) 2 

Jt~ t 

+ 2^-' [ {(3uf{u)-2((3-l)F(u))r le G 



_l_ r 
+ o(l) 



JT- 

W' 1 [ 7] e G(-uVu ■ x + 2(3ud t u - ——u 2 ) 

JTr t t 
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as e — > 0. Notice that 

r" 2 ?" 1 [ r] e G(-uVu ■ x + 2pud t u - ^u 2 ) 
Jt~ t t 

— ft [ Ve( rx ) ^ r~^u(r 2 t,rx)[r~^(Vu)(r 2 t,rx) -x 



t 

•'I 

+ r- l3+1 2t(d t u)(r 2 t, rx) - Br'^u^H, rx)\ 
_ ,8 f ,u(r 2 t,rx) , 2 G(t,x) . .. 

, 1N _ .3 f ,u(x,t). 2 G(t,x) , 

= o(i)+a r q j^^^y^f^^x)) 

as e — > 0. Letting e — > in ()3.7|) . we find that 
(3.8) 

(*-(r))' = 2r- 2 ' 3 - 1 / [209 - l)F(u) - 8uf{u)}G {T , xo) 
Jt-(t) 

+ r- 2f3 - 1 [ -^(Vu-(x-x )-2(T-t)d t u-3u) 2 G (T , Xo) 

Jt~(T) 1 ~ t 

> o. 

Integrating ()3.8j) from p to er, we can obtain ()3.3|) . The proof of the 
theorem is complete. □ 

Now let's consider an example. Assume that t\ < T < t 2 , xq G W 1 , 
and 

M Gi/ 1 (((t 1 ,r)U(T,t 2 )) xK") 
is a variational solution of 

u t — Au = u in t 2 ) x K"- 
Suppose furthermore that 

12 



f I X — I 

sup te(iliT _ 5)u(T+5jt2) / exp(--— — -)(|Vw| 2 -u 2 )dx 

I ^ — I ^ 

(ii,T-5)u(T+5,t 2 ) ^(T ~~ t) 



+ / / exp(- ^ ^ )((d t u) 2 + u 2 )(t,x)dxdt < oo 
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for any positive 5. Then there exist two constants f3, c such that the 
functions 

m-{r):=r^ [ (| Vu\ 2 - u 2 - 2c)G {T>xo) 
Jt-(t) 



P -5 



r 



JT-(T) 1 ~ 



t 



(T,x ) 



and 



\p + (r) := r~ 2/; 



/ (|V M | 2 - M 2 -2c)G (7>()) 
JT+m 



V+(T) 

JT+m 1 ~ 



It+(t) 1 ~ 1 



are well defined in the interval (0, ^ T 2 f 1 ) and (0, ^ T ), respectively, 

and satisfy for any < p < o < VT ~ tl and < p < a < V \ T , 
respectively, the monotonicity formulae 



*-(<r) - V~(p) = r 2r- 2/3 - x / (2(/3 - l)c - u 2 ) 

Jp JT-(T) 

+ [ r~ 2 ?- 1 [ J— (Vu-(x-x )-2(T-t)d t u-Pu) 2 G { T. 



> 
and 



tf + (<r) - = ^ 2r~ 2/3 ~ 1 ! (2(/3 - l)c - m 2 ) 

JT+m 

+ r^ 2/?_1 / ^( Vm • 0* - *o) - 2(T - t)d t u - /^) 2 G (1>o) 



> 0. 



In the remaining part of this section, we will consider the free bound- 
ary problem: 

**-A Ui = xnfi{u) in W l x R, 

m = \Vui\ = 0, i = 1, m, in (R n xl)\D, 

where 

A : = { Ui = \Vui\ = 0}, n := (R n x K) \ A. 

As before, we start with a definition of variational solution to the 
problem above. 
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Definition3. We define u G H 1 ((t 1 ,t 2 )xB R (0)) for any R G (0, oo) 

to be a variational solution of '(*), if u G H 1 ((ti,t 2 ) x IR n ) satisfies (*) 
in the distributional sense with 

ujiiu), F(u)eL 1 ((t 1 ,t 2 )xR n ) 

for i = 1, m and i/ie /irs£ variation with respect to variations of the 
domain in time and spaces of the functional 

rt 2 -s f r^s 



G(u,v):= I" [ (\Vv\ 2 -2 X nF(v))+ [ 2 [ 2vd t u, 
vanishes atv — u, i.e. j-G(u,u((t,x) + eip(t, x)))\ £=0 = 0, that is 









[(|W| 


Jti+S JR 


rc. 



de 

2 



-[/ (|Vu| 2 -2 Xn F(t2)tyo]£;5 



t 2 -<5 



[(|W| 2 - 2 X aF(u)) J2 d ^~ 2 J2J2 9 3 ud^ k d k u 

i 

k=Q j=l k=Q 



n „ 

-2d t uJ2d k uA]- / [(\Vu\ 2 -2 Xn F(u))^ ](t 2 -5) 
+ [ [(\Vu\ 2 -2 Xn F(u))^j ](t 1 + 5) 

JM. n 

for a.e. small and positive 5 and any ip G C 1 (IR n x R) such that 
supp^(t) CC K™ for any t G (t 1 ,t 2 ). 
Then we have the following result. 

Theorem 3.2. Assume that u is a variational solution of{*), (xo, T) G 
A, t\ < T < t 2 , and 

s uPte(t u T-s)u(T + s,t 2 ) exp (~ 4 ( T _ t ) )(l W l 2 ~ 2XnF(u))(t,x)dx 

f f I ^ — 1 ^ 

+ / / exp(-— - — — )((d t u) 2 + u 2 )(t,x)dxdt < oo 

J (ti,T-S)U(T+S,t2) JR n 4 l J ~ l ) 

for any positive 5. Let ip(x) > be a C°° cut-off function in W 1 with 
suppy? C 53/4(0:0) and (p\ Bl/2 (x ) = 1- 
Then for any (5 such that 

f Xn [2(P - l)F(u) - Puf(u)]<pG {T , X0) > 
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and 

f X nW - l ) F (u) ~ (3uf(u)]^G {T , xo) > 0, 
Jt+ 

there exists constant C = C(n,ip,/3) > such that the functions 
:= r-^ [ (|W| 2 - 2 Xa F(u))<pG {T , xo) 

JT7{T) 

I 7fJ-u 2 <pG {T , X0) + C f s—^e-^ds 
Jt~<t) 1 ~~ 1 Jo 



_ ^ r -2 ; 



and 



V+(r) := r- 2 ' 3 f (| W| 2 - 2 X nF(u))<pG (T:Xo) 
Jt+(t) 



-(T) 

- ^ [ -L-tftpG^ + C f s—^e-y^ds 
1 Jt+(t) 1 — t Jo 

are well defined in the interval (0, ^ T 2 tl ) and (0, ^ t2 2 ~ T ), respectively, 

and satisfy for any < p < a < VT ~ fl and < p < a < Vt2 2 ~ T , 
respectively, the monotonicity formulae 



¥"((7) - = f 2r^- 1 [ X nW - l)F(u) - (3uf(u)] V G {T , Xo) 

Jp Jt~{t) 

+ / r" 2 ^ 1 / -^-(Vw. (x - x ) - 2(T - t)d t u- (3u) 2 ipG {T , Xo) 
J P Jt~(t) 1 — t 



"(T) 

+ C [" s-n-W^e-W^ds^O 
J P 

and 



M>» - * + (p) = f 2r- 2 ^ 1 / Xn [2C9 - l)F(tT) - (3uf(u)}^G {T , xo) 
J P Jt+(t) 

+ fr^ 1 / ^-r(VtI • (x - a*) " 2(T - tfaZ-PitfipG^ 
J P Jt+(t) 1 - 1 

+ C rs" n - 2/3_1 e- 1/(16s2) ^>0. 



We remark that the proof is similar to that of Theorem 3.1. However, 
for completeness, we give a full proof. 

Proof. As before, we only give a proof for the monotonicity of , 
because we can replace in what follows the interval (— 4r 2 , — r 2 ) by 
(r 2 , 4r 2 ) in order to obtain a proof with respect to Without loss of 
generality, we can assume that x = and T = 0. We omit the index 
(0, 0) of G(o,o) and denote it by G, and denote T~(0, 0) by T~. Choosing 
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t\ := — 4r 2 , ti := — r 2 , and ip(t,x) := (2t, x)G(t, x)ip(x) in Definition 3, 
where <f(x) is a C 00 cut-off function in W 1 with suppy? C B^/^xq) and 
v|s 1/2 (a; ) = 1, we obtain that 

(3.9) = f [(|W| 2 -2xnF(u))(2G + 2td t G + div(xG))p 

n n n 

— 2ip 2J 2J dju(Sj k G + djGx k )d t u — 2<p djudjG2td t u 

3=1 fe=i 3=1 
rt 

- 2y? ^ djuGxjdtU - 2 v {d t u) 2 2tG\ 
3=1 

— / [2ty?(|W| 2 -2 Xn F(u))G](-r 2 ) 

JR™ 

+ / [2^(|W| 2 -2 Xn F(£))G](-4r 2 ) 

JR™ 

+ ^J\Vu\ 2 -2 X nF(u))V ! f-xG 

n n n 

— 2 djudjipxkdkuG — 2 djUdjcp2td t uG) 

3=1 fe=i i=i 



for a.e. r G (0, ^=^). 

Multiplying (EUIJ) by -r- 2 / 3 -^ we get that 



l(-r- 2 ) 
J(-4r 2 ) 



= r" 2 ^ 1 [/ 2^G(|Vu| 2 -2 Xq F(m))] 
Jr™ 

- 2/3r- 2 ' 3 - 1 / W| 2 - 2 Xn F(«)) 

+ 2/5r" 2/3 - 1 f V G\Vu\ 2 -A^-iy- 2 ^ 1 [ Xn^GF( 
Jt~ Jt~ 

+ r -2/3-i I ^ vu . x y + r -2p-i f 4ipGVu-xd t u 
Jt~ t J T - 

- 2 ?- 1 I _[A V Gt{d t uf - (|Vu| 2 - 2 Xn F{u))Vv ■ xC\ 
/ 2 [GVu ■ VifVu ■ x + W ■ Vip2td t uG] , 



_|_ r 

J. ^-2/'- I 



where we use the fact that VG = ^ and d t G + AG = in {t < 
0}U{t>0}. 
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As in the proof of ()3.7j) . we obtain that 

/ \Vu\ 2 Gtp = - [uipVu ■ VG + <pGu(d t u - Xnf(u)) 

JT~ Jt~ 

(3.10) + uGV(p-Vu]. 

Using (j3.10J) . we can get that 

= r^- l [ [ 2^G(| W| 2 - 2 Xu F(u))ti\ 

- 2(3r- 2 ^ 1 jf _ ^G(| W| 2 - 2 X aF(u)) 

+ 2(3r- 2 ?- 1 f ^Gu( X nf(u) - d t u) - • x) 

- 2fir~ w - 1 [ uGVcp ■ W - 4(/3 - l)^ -1 / Xn^GF(u) 
+ r -2/3-i f [^(v«. I + 2^m) 2 - (|W| 2 - 2 X nF(u))V<p ■ x 
+ r- 213 - 1 i 2[GVu-VyVu-x + W ■ V(p2td t uG]. 



In another word, 
(3.11) 

= r- 2 ^ [ 2^G(|W| 2 - 2 X oF(«))][l2 
- 2(3r' 2 ^ 1 I V G(\Vu\ 2 - 2 X nF(u)) 



/ — (Vwx + 2t<9 t w-/H) 2 

+ 2r- 2 ^ x / X n[(3uf(u) - 2(J3 - l)F(u)]<pG 

[ ^G{-nS/u-x + 2(3ud t u-^u 2 ) 

! [2puGVtp ■ W - (| W| 2 - 2 X nF{u))V V ■ xG] 

I [2GVu ■ V(fVu ■ x + AtGd t uVu ■ Vy?] . 
Jt~ 



_ r -2/3-l 



r -2/3-l 
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Meanwhile, we can see that 



(3.12) 



r -2/3-l 



/ <pG(-HS7u ■ x + 2{3ud t u - ^u 2 ) 



= (3 f (p(rx) ^^ ,X ^ r Pu(r 2 t, rx) [r ^(Vu)(r 2 t,rx) ■ x 
Jt~ t 

+ r~ 0+1 2t(d t u)(r 2 t, rx) - (3r~ l3 ~ 1 u{rH, rx)} 

(3 f u(r 2 t,rx) 2 G(t,x) (3 _ 2 . 1 f Gu 2 

= o r (- y^c— ^— ) —^i) - r J T - • x 

(3 f u(x,t) 2 G(t,x) (3 _ w _ x f Gu 2 

= dr(~ J t _( — ) ~ ^ — • X. 

Using ()3.11|) . ()3.12|) . we can obtain that 

|-*-(r) > 2r- 2 ^ jf _ xnW - l)F(u) - (3uf{u)]ipG 

+ r -2/3-l j ^L(y$. x + 2 td t u-(3u) 2 + I, 

[ [2fiuGV(p • W-(|W| 2 - 2 X nF{u) ) Vy? ■ xG) 
Jt~ 

/ \2GVu ■ VifVu ■ x + 4tGd t uVu ■ Vip] 

JTr 



where 

I := r- 2 ?- 1 

_ „-2/3-l 



P--20-1 f G ^ 



+ -r~ zp ~ L I x ■ V<p. 

2 Jt~ t 

Since u satisfies (*) and suppf C -B3/4, we can see that the integrand 
in I vanishes a.e. in By 2 x [—1,0] and By 4 x [—1,0]. Hence, we find 
that 

j > _ r -2f3-l f " f t) + - t )dxdt 

J-4r2 JB 3/4 \B 1/2 t 
> _ Cr -n-2f3-l e -l/(Wr 2 ) 
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with ||/ii||ii(Q- ), ||^2||x,i(Q- ) < C = C(n,ip )r 3) < oo and consequently 
^r*-(r) > 2r~ 2 ^ 1 jf _ XnvG(2([3 - l)F(u) - (5uf{u)) 

_ C < r -n-2/3-l e -l/(16r 2 )^ 

Therefore the function 

^-(r)+CE(r) 

is nondecreasing, where 

E(r)= f ' s-n-W-^e-V^ds. 



□ 

We now study the blow-up of solutions. For a given point (T, xq) 
and a given sequence — > 0, we define the scaled sequences as follows: 

u k (t, x) := pl P u{T + p 2 k t, x + p k x) 

and want to obtain more information on the solution's behavior. In 
fact, we find that 

Theorem 3.3. Suppose that for t\ < T < t 2 and Xq G M. n , 

P I rj£* »^ Q I ^ 

suPte(ti,T-d)u(r+*,t a ) / ex P( _ 77^ — iv)(|V«| 2 -2F(M))(t) 
+ / / exp(-^-^)((^) 2 + « 2 )<oo 

for any positive 5 , where u e H l (((t\, T)U(T, £2)) x]R n )) zs a variational 
solution of \3. 1)) . 

Suppose, furthermore, that in either case the growth estimates 

max(y~ 2/3 / — « 2 (jf 



su P re(0 , y^i) max ^ r J T _ Y~t u {T ' xo) 

+ r" 2/3 / \Vu\ 2 G (T , Xo) ) + r- 2/3 | / 2F{u))G {T , Xo) \ < 00 

SUP , 6( o,^) max(r " 2 " 

+ r- 2 ? [ \Wu\ 2 G (T , Xo) + r- 2 ^\ [ 2F(u))G {T;Xo) \ < 00 
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are satisfied. Then \I/ _ (r) \ M~(u, (T, Xo)) as r \ provided that 
T > ti and *+(r) \ M+(u, (T,x )) as r \ provided that T < t 2 , 
and for any D CC (({-oo)y/T=h, 0)U(0, ((+oo)V*2 - T))) x ]R n and 
fc > /c(-D) £/ie sequence 

u k (t, x) := p' k P u{T + pjlt, x + p fc x) 

zs bounded in H l (D) n L 2 (D) and any weak H 1 -limit u with respect 
to a subsequence is a function homogeneous of degree (3 on paths 9 — > 
(9 2 t,9x)for9 > and(t,x) E (((-oo)y/T - t u 0)U(0, ((+00)^2 - T)))x 
M n ; i.e., 

u (\H, \x) = X^Uq^^x) for any A > 
and /or any (((-oo)v^ - ti, 0) U (0, ((+oo)V*2 - T))) x M n . 

Proof. We give the proof only for the case t 2 — T to avoid clumsy 
notation. Calculating for < R < 00 that 

= R- 2 ? [ \Vu k \ 2 G m - ( Pk R)- 2p [ 2F(u))G m 
1 Jt-(o) {-t) 

we know that the sequence u k and Vu k are bounded in L 2 (D) for k > 
k(D) by the assumed growth estimate and the monotonicity formula 
Theorem 3.1. 

By the results of Theorem 3.1, we know that ^~ is nondecreasing 
and bounded in (0, ro) for small positive ro, which means that has 
a real right limit at and for < R < S < 00, 

0^y-(p k S)-S>-(p k R) 

"PkS p ^ 

2r -2/9-l / (2(/? _ _ W (^) G(()>0) 



/ 



PfeR 
5 



Jr jt~ y—t) 



Then we can get that 

<- f'r- 2 ^ 1 / 7^(V« fe • a; + 2t<9 t n fc - Pu k ) 2 G m 
Jr Jt~ {— t) 



as — > 00. Thus for > /c(-D) the sequence u k is bounded in H 1 (D). 
Since the lower semi-continuity of the L 2 -norm with respect to weak 
convergence, we can take a subsequence k — > 00 such that u k ^ u 
weakly convergence, and obtain that 

Vn (t, x) • x + 2td t u (t, x) — j3uo(t, x) = 
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a.e. in (—00, 0) x M. n . Now we can easily see that uq is homogeneous of 
degree (3 on paths 6 -> (OH, Ox) for 6 > and (t, x) G (—00, 0) x M n . □ 



4. THE MONOTONICITY FORMULAE FOR (I1.6J) AND (|1.7|) 

In this section, we exhibit our monotonicity formulae for (jl.6j) and 
(ll.7j) in some special cases since they take simple forms. We will show 
that our monotonicity formulae do give new results even for free bound- 
ary problems related to those considered by Weiss j2S]- 



4.1. The monotonicity formulae for (jl.6|) . First, we consider the 
elliptic equation case. Here we have to replace u by u, f by / in the 
corresponding results of section 2. Then we can obtain the following 
theorems. 

Theorem 4.1. Assume that u is a solution of M.b]) in the sense of 
variations, Bs(xq) CC Q with < 5. Then for any j3 such that 
f Br{xo) [2(P - l)F(u) - Puf{u)) > and for all < p < o < 5 the 
function 

to(r) :=r -™-2/3+2 / (\Vu\ 2 -2F(u))-3r- n - 2p+1 I u 2 dU n - x 



- X{> 



[ (\Vu\ 2 -2F(u))-f3r- n - 2 P +1 [ u 2 dH r> 

JB r {x ) JdB r {x ) 



defined in (0,5), is nondecreasing in r and satisfies the monotonicity 
formula 



- *M = f 2r— 2 ^ +1 f [2{(3-l)F{u)-M{u)\ 

+ f 7 2r~ n - 2l3+2 [ {Vu-u- P-fdH^dr > 0. 

Jp JdB r {x ) r 

Now we give some examples to explain the Theorem. 
Corollary 4.1. Assume that u is a variational solution of 

Au + u p = in O 



where p 7^ ±1, and Bg(xo) CC Q CC W l . Then, for all (3 satisfying 
i-p)- 
(p+i) 



— — 2 > and for < p < a < 5 , the function 



$ XQ ( r ) :=r — 2/3+2 f (\ Vu \2_?}^y (3r -n-20+l f 

JB r (xo) P + 1 JdB r (x ) 



30 



LI MA, XIANFA SONG, AND LIN ZHAO 



defined in (0,5), is nondecreasing in r and satisfies the monotonicity 
formula 

<M<x) - *M = f 2r—^ I M^l - (3)u^ 

Jp Jb t (x ) (P+ 1 ) 

2r -n-2(p-i) J (Vu • 1/ - (3-) 2 dH n ~ l dr > 0. 

JdB r (x ) r 

Remark 4.1. Since f(u) = u p , F(u) = g£ for p + ±1, and 



/3(1-p)-2 
p+1 



> 0, we have 



/ (203 - l)F(u) - (3uf(u)) = [ P{1 l\ V 1 > 0. 

JB r (x ) JB r (x ) P+ 1 

Remark 4.2. The constant /3 may be positive or negative in the 
inequality of /3( - 1 ~^ ) ~ 2 > 0. In fact, we can choose /3 > 2/(1 — p) > if 
-1 < p < 1, and p < 2/(1 - p) < if p > 1, and /3 < 2/(1 - p) being 
positive or not if p < —1. 

Corollary 4.2. Assume that u is a variational solution of 

Au + iT 1 = in 

and -6,5 (x ) CC Q CC M n . T/ien, /or < r < 5 and for any real c, we 
can choose the constant (3 such that 



I (2(/3-l)(logtt + c)-/3) >0. 



Therefore, 



$ xo ( r ) = r -«-2/3+2 / (|Vu| 2 -21ogn-2c)-/3r- n - 2/3+1 / ^aTf 1 " 1 



'B r (a;o) JdB r (x ) 

is increasing in r and satisfies 



® xo (a) - ® X0 (p) = f 2r-"^+ 1 I (2(/?-l)(logu + c)-/3) 

Jp J B r (x ) 

+ / 2r-"- 2(/3 " 1) / (Vu ■ ^ - (5-fdH n - x dr > 0. 

</p JdB r (x ) r 

We can also characterize the scaled sequences as follows: 

Theorem 4.2. Suppose that < — > as k — > oo, w zs m Bg^xo) 
a variational solution of M.b\) . and that u satisfies in xq the growth 
estimate 

sup re(0 , 5 )(r- n - 2/m / u 2 dU n - x + r -«- 2 / 3 + 2 | f 2F(«)|)<oo. 

9-Br (zo ) J B r {xo) 
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Then $> Xo (r) \ M(u, Xq) as r — > and for any open Dccl" and k > 
k(D), the sequence Uk{x) := p^u(xo + ptx) is bounded in -ff 1 (-D) and 
any weak H 1 -limit with respect to a subsequence k —>■ oo is homogeneous 
of degree [3. 

4.2. The monotonicity formula for (|1.7|) . We now give the mono- 
tonicity formula for (|1.7|) . Here we have to replace u by u, f by / in the 
corresponding results of section 3. Note that the monotonicity formula 
holds as soon as the solution continues to exist. 

Theorem 4.3. (monotonicity formula) Assume that for t\ < T < t 2 , 

xq G W 1 , we have 

su Pte( il ,T-5)u(T+5,t 2 ) J ex P(- 4( ^ T _^ )(|VM| 2 - 2F(u)){t, x)dx 
+ [ [ exp(- |X ~ Xo ] )((d t u) 2 + u 2 )(t, x)dxdt < oo 

J (ti,T-S)u{T+5,t 2 ) JM. n 4 l J — t ) 

for any positive S, where 

M Gi/ 1 (((t 1 ,r)U(T,t 2 )) XR") 
is a variational solution of fli. ?p . Then for any (3 satisfying 

G (T>xo) W-l)F(u)-i3uf(u)}>0 



and 

G {T)Xo) [2{(3-l)F{u)-(3uf{v)}>^ 



17 



the functions 



#-( r ) := r -2/3 f (| Vm | 2 - 2F(u))G (T . 
Jt-(t) 



"(T) 

[ tV^o 

z JT~{T) 1 ~ l 



and 



v^+( r ) ;= r- 2 ? [ (\Vu\ 2 - 2F(u))G {T , Xo) 
Jt+(t) 



lT+(T) 

T-t 



A Jt+(t) 



are well defined in the interval (0, ^ T 2 tl ) and (0, T ), respectively, 
and satisfy for any < p < a < ^ T 2 tl and < p < a < ^ t2 2 ~~ T , 
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respectively, the monotonicity formulae 

tf-((7)-¥-(A>)= f 2r- 2 ^ f [2{(3-l)F{u)-M{u)\G {T , 

Jp JTr(T) 

+ fr- 2 *- 1 [ -^—Nu-{x-x G )-2{T-t)d t u-(3u) 2 G 
Jp Jt-(t) 1 — t 



Ip JT-(T) 

> o 
and 



(T,x ) 



*» - ¥+(p) = ^ 2r-^ 1 [ [2(0 - l)F(u) - Puf(u)]G {T , Xo) 
Jp Jt+{t) 

+ /V 2 *" 1 [ 7^—(Vu ■ (x - x ) - 2(T - t)d t u - Pu) 2 G (T , X0 
Jo Jt+(t) 1 — t 



> 0. 



We now turn our attention to other kinds of problems. Consider the 
following free boundary problem: 



(*) 



Mi - Ait = xnf(u) in R n x R, 

u = |Vu| = in A := (R n xl)\(l. 



We have that 

Theorem 4.4. Assume thatu is a variational solution of '{*), (x , T) e 
A, t x < T < t 2 , and 

su Pte(t 1 ,T-5)u(T+5,t 2 ) J^ n e M-j^r—^)(\^u\ 2 - 2xnF(u)){t,x)dx 
+ / / exp(--— — — )((d t u) 2 + u 2 )(t,x)dxdt < oo 

J (t u T-S)U(T+S,t 2 ) JR n 4 l J ~ l ) 

for any positive 5. Let (p(x) > be a C°° cut-off function in R n with 
supp(/9 C B 3 /4(xo) and (p\b 1/2 = 1- Then for any {3 satisfying 

XaW ~ " «(^)]^(T,, o) > 



and 

T+ 
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there exists a constant C = C(n,ip,(3) > such that the functions 
tt» := ^ [ (\Vu\ 2 - 2 Xn F(u))<pG {T , xo) 

- ^ f J-u 2 G {T , xo) 



T~(T) 



T-t 



and 



Jo 

* + (r) := [ (\Vu\ 2 - 2 X nF(u)) V G {T , xo) 

JT+(T) 



It+(t) 

P„-20 f 1 „2 



^ Jt+(t) 1 — t 

+ C [ s- n - 2p - l e- l l^ds 
Jo 

are well defined in the interval (0, ^ T 2 tl ) and (0, -^p^-), respectively, 

and satisfy for any < p < a < VT 2 tL and < p < o < Vt2 ~ T , 
respectively, the monotonicity formulae 

*-(a) - tf-(p) = f V 2 ^ 1 [ X nW - l)F(u) - (3uf(u)]<pG {T , Xo) 

+ / r" 2 ^ 1 / /-(V« • (x - x ) - 2(T - t)d t u - (3u) 2 ^G iT , xo) 

+ C f° s^-W^e-V^ds^O 
J o 



' p 
and 



- V + (p) = f 2r- 2 ^ 1 / X nW - l)F(u) - (3uf{u)]yG {T , 3 
J P Jt+(t) 

+ f r~ 2 ?- 1 [ — ^(Vu • (x - x ) - 2(T - t)d t u - (3u) 2 ipG {T , Xo) 
J P Jt+(t) 1 — 1 

J P 

We can give the characterizing of the scaled sequence. We have that 
Theorem 4.5. Let 

u e T) U (T, t 2 )) x R n ) 
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be in a variational solution of ji.7| ). Suppose that for t\ < T < t 2 and 
x G M. n , we have 

sup te(tl)T -5)u(T+a,t 2 ) J exp(- 4 ( T _ J\ )(l Vm I 2 - 2F K>)(X> 

+ / / exp(-^-^)((^) 2 + n 2 )<oo 

/or any small positive 5. 

Suppose, furthermore, that in either case the growth estimates 

sup ,/r-t7 max(r~ 2/3 / — - — u 2 G( Txn ) 

^rGCC^V 1 ) J T -T-t ( ' ° j 

+ r- 2/3 / |Vu| 2 G(T,x ) +^ 2/3 | / 2F(u)G (T , Xo) \) < oo 

and 

sup max(r~ 2 ^ / — u 2 G(T X a) 

re(o,^-^) v J T +T-t ( ' 0) 

+ r~ 213 [ |Vn| 2 G (ri:Co) + r~ 2/3 | / 2F{u))G {TiXo) \) < oo 

are satisfied. Then \&"(r) \ M~(u, (T, x )) os r \ provided that 
T > ti and \l/ + (r) \ M + (w, (T, x )) as r \ provided that T < t 2 , 
and for any D CC (((-ooV? 1 - *i, 0) U (0, ((+oo)y / t 2 — T))) x R n and 
> A;(-D) t/ie sequence 

u k (t, x) := p^uiT + p 2 t, x + p^x) 

bounded in D L 2 (D) and any weak H l -limit u$ with respect 

to a subsequence is a function homogeneous of degree j3 on paths 9 — > 
(9 2 t, Ox) for9>0 and 

(t,x) G (((-oa)VT-ti,0) U (0, ((+oo)y/t 2 -T))) x R n , 

i.e., 

u (X 2 t, \x) = A /3 u (t,x) for any A > 
and for any (x,t) G (((-oo) - t u 0) U (0, ((+oo)V*2 - T))) x M n . 

We now give some examples to explain these Theorems. 

Corollary 4.3. Assume that t\ < T < t 2 , x G W 1 , and 

nGi/ 1 (((t 1 ,T)U(T,t 2 )) xl* 1 ) 
is a variational solution of 

u t — Am = u p in (t 1; t 2 ) X 



r, 
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where p ^ ±1. Suppose furthermore that 

r \ x _ a; |2 2m p+1 

■){\Vu\ 2 - —)dx 



2 

(ti,T-<5)U(T+<5,t 2 ) A" ^(T — t) 



j [ exp(- ^ ){{d t uf + u 2 )(t,x)dxdt < oo 



for any positive 5, and ^ p ^l 2 > 0. Then the functions 

2u p+1 , 



*-(r):=r-^ [ (|V«| 2 - ^-)G (T ,, o) 



and 



A Jt~(t) 1 ~ 1 



* + (r):=r-W (|V M | 2 - ^)G (T ,, o) 
Jt+(t) p+i 

z JT+(T) 1 ~ 1 



are well defined in the interval (0, ^ T 2 fl ) and (0, ^| r ) ; respectively, 

and satisfy for any < p < a < " /T ~ tl and < p < a < Vt2 ~ T , 
respectively, the monotonicity formulae 

*-(a) - = f 2r- 2 ^- 1 [ V +1 

+ /V^" 1 / -J— (V« • (x - *„) " 2(T - t)d t u - Pu) 2 G {T , Xo) 
J P Jt-{t) 1 — 1 

> 
and 

Jp JT+(T) P+ l 

+ f r^" 1 f ^—(V« • (x - x ) - 2(T - - /^) 2 G (TiXo) 
Jp Jt+(t) J - i 

> 0. 

Corollary 4.4. Assume that t± < T < t 2 , x G R n , and 

ueH\((t 1 ,T)U(T,t 2 ))xR n ) 
is a variational solution of 

u t -Au = u- 1 in (t u t 2 ) x W 1 . 
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Suppose furthermore that 

f* I rjQ I ^ 

su Pte(t 1 ,T-5)u(T+5,t 2 ) J Rn exp (~ 4( T _ t ) )d VM | 2 ~~ 2 lo g u ) da: 
+ / / exp(--— — — )((d t u) 2 + u 2 )(t,x)dxdt < oo 

•/(ti,T- < 5)U(T+<5,t 2 ) ^K" 4 l J — l ) 

for any positive 5. For any constant c, we can choose (3 such that 



and 



/(2(/3-l)(logu + c)-/?)>0 
[ (2(/3-l)(logu + c)-/3)>0. 



T/ien £/ie functions 

y-( r ). = r -W f {\Vu\ 2 -2\ogu-2c)G {T , xo) 
Jt-(t) 



2 ^T" (T) J — J 



and 



^+(r):=r- 2/3 / (| Vw| 2 - 2 logw - 2c)G (T . 

JT+(T) 



xo) 



are well defined in the interval (0, ^ T 2 t: ) and (0, ^ T ) ; respectively, 

and satisfy for any < p < a < VT ~ tl and < p < a < Vt2 ~ J ' , 
respectively, the monotonicity formulae 



J>-(a)-*-(p)= 1° 2r~ 2 ^ [ (2(/?-l)(logu + c)-/3) 

+ /V 5 *" 1 / -J— (V« • (x - x ) - 2(T - - PufG^) 



> 
and 



* + (cr) - = / 2r~ 2 P- 1 [ (2(/3 -1) (log u + c)-/3) 

JT+(T) 

J P Jt+(t) 1 - T 

> 
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So much for examples. It is clear from our examples that one can 
use the monotonicity formulae in different forms for different purposes. 
We hope to see more applications of them in the future. 
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